
c 

ICASE 
I 

4 

ON IMPROVING THE 2-4 TWO DIMENSIONAL LEAP-FROG SCHEME 

Saul Abarbanel 

and 

David Gottlieb 

Report Number 80-24 

September 22, 1980 

U n c l d s  
00/04 0 2 2 4 2 9 d  

INSTITUTE FOR COMPUTER APPLICATIONS I N  SCIENCE AND ENGINEERING 
NASA Langley Research Center, Hampton, V i  r g i n i a  

Operated by the 

UNIVERSITIES SPACE RESEARCH ASSUCIATION 



ON IiMPROVING THE 2-4 TWO DIMENSIONAL LEAP-FROG SCHEME 

S a u l  Abarbanel 
Vepahtrnent 06 Mathematical Sc ienceb ,  Tee-Aviv  UnivehbiXy 

and , 

David G o t t l i e b  
Vepakrltment o 6 MaZhema3ica.t Sc ienceh,  T e l - A v i v  U n i v e k b i t y  

and 
T n b t i t u t e  604 Compute t  AppLicationb i n  Sc ience  and Engineea ing  

ABSTRACT 

The p r e s e n t  pape r  shows how t o  modify t h e  Kreiss-Oliger 

2-4 two-dimensional Leap-Frog scheme s o  t h a t  t h e  a l lowab le  

t i m e  s t e p  may be  doubled ,  whi le  t h e  computa t iona l  compleyi ty  

r e m a i n s  about  t h e  same. 
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-. 1. I n t r o d u c t i o n  

I n  a p rev ious  communication El] (see a l s o  [2]), it w a s  

shown how t h e  s t a n d a r d  mult i -dimensional  l eap - f rog  f i n i t e  

d i f f e r e n c e  method f o r  s o l v i n g  l i nea r  and q u a s i - l i n e a r  systems 

of pa r t i a l  d i f f e r e n t i a l  equa t ions  can  be modi f ied  so  t h a t  t h e  

s t a b i l i t y  c o n d i t i o n  is s u b s t a n t i a l l y  improved. I n  p a r t i c u l a r ,  

it w a s  shown t h a t  i n  t he  two-dimensional case one can double  
I 

. 
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t h e  t i m e  s t e p .  T h e  r e q u i r e d  change i n  t h e  a lgo r i thm is  s i m p l e  

t o  implement, and t h e  r e s u l t i n g  modif ied l eap - f rog  ( M U )  algo-  

r i t h m  remains convenient  t o  program and r e q u i r e s  no more f l u x  

v e c t o r  e v a l u a t i o n s  t h a n  t h e  o r i g i n a l  leap- f rog  scheme. 

R e c e n t l y  t h e  q u e s t i o n  arose whether a s imi la r  improvement 

can be achieved f o r  t h e  Kreiss-Oliger 2-4 scheme 131, which is 

second o r d e r  a c c u r a t e  i n  time and h a s  a f o u r t h  o r d e r  spa t i a l  

accuracy .  T h i s  scheme is w i d e l y  used i n  meteorology and g l o b a l  

c i r c u l a t i o n  s t u d i e s .  Its e x p l i c i t n e s s  imposes,  of c o u r s e ,  

a p r i o r i  r e s t r i c t i o n s  on t h e  t i m e  s teps  and attempts have been 

made [ 4 ]  t o  improve running  times by r e s o r t i n g  t o  i m p l i c i t  2-4 

methods [ 5 ] .  Improvements of a f a c t o r  of 2 i n  machine t i m e  have 

been r e p o r t e d ,  [ 4 ] .  In t h i s  paper  w e  show how a similar improve- 

men t  may be o b t a i n e d  by modifying t h e  e x p l i c i t  2-4 scheme i n  a 

manner analogous t o  t h a t  r e p o r t e d  i n  [l]. 

Here w e  are c o n s i d e r i n g  t h e  hype rbo l i c  system 



-2- 

where u, F(u), and G(u) are m component vectors and where 

A and B are the Jacobians of F and G with respect to u. 

The 2-4 Kreiss-Oliger finite difference scheme is the 

following: 

+LFn ) r- 

4 n  - -F 4 n  
j 3 6 j+2,k 3 j+l,k 3 j-1,k 6 j-2,k + (E) (- LFn + -F = u  n+ 1 

j,k U 

I n  4 n  4x1 I n  - 
+ (g) (- gGj,k+2+TGj,k+l $j,k-l+$jyk-2) 

n + 2Gn 1 n  n 
+ (g) [(Gg,k+l - Gn j,k-l)-g(Gj,k+2-2Gj,k+l j , k-l - Gj , k-2'1 . 

The second term in each of the square brackets serves as a "correc- 

tion" term to the regular 2-2 leap-frog method and modifies it 

into a 2-4 scheme, i.e. second order accurate in time and fourth 

order accurate spatially. The initial value (linear) stability 

condition for algorithm (1.2) is: 

where p ( A )  and p ( B )  are, respectively, the spectral radii of 

the coefficient matrices A = A(u) = aF/au, B = B(u) = aG/au, 

which are assumed to be simultaneously symmetrizable. The factor 

D equals 1.372 (=f ( (  3/~)l/~), see (2.6). 1. 
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We now seek t o  modify ( 1 . 2 )  i n  o r d e r  t o  improve (1 .3 ) .  The 

best w e  can hope f o r  is t o  achieve  t h e  one-dimensional s t a b i l i t y  

c o n d i t i o n s ,  namely 

I 
i 
I 

2 .  The Modified Scheme and its S t a b i l i t y  
, 
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( 1 - 4 )  

If w e  i n t r o d u c e  t h e  d i f f e r e n c i n g  and ave rag ing  o p e r a t o r s ,  

r e s p e c t i v e l y ,  

?Text w e  review b r i e f l y  how one establishes t h e  s t a b i l i t y  l i m i t s  of 

( 2 . 1 ) ;  t h i s  w i l l  f a c i l i t a t e  t h e  treatment of t h e  modi f ied  a l g o r i t h m  

t o  be in t roduced  l a t e r .  If we d e f i n e  a new v e c t o r  
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t h e n  t h e  linearized v e r s i o n  of  t h e  two l e v e l  f i n i t e  d i f f e r e n c e  

e q u a t i o n s  (2.1) becomes t h e  f o l l o w i n g  s i n g l e  l e v e l  system 

1 2  n + 2A F.l 6 ( 1 - 4  )u n + l  - n 
Y Y Y  6 Y L k '  

- v  + 2XxF.lx6,(I--6 6 x )u j , k  j , k  j , k  
U 

o r ,  e q u i v a l e n t l y ,  

where A x  = AAt/Ax, X 

the following amplification macrix 

= BAt/Ay. Fourier transforming ( 2 . b )  we get  Y 

';L I 

( 2 . 5 )  

where 

and a = sin(5/2), B = sin(n/2); 5 and r\ being the dual Fourier 

variables of the space coordinates x and y -  

It  may be shown that the stabiliry requirement for M is equi- 

vaient to demanding t h a t  

P ( C )  < 1, ( 2 . 7 )  
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p ( C )  be ing  t h e  s p e c t r a l  r a d i u s  of  C = A(At/Ax)f(a)  + 

B( t /  y ) f (  ) .  We then  g e t  
- 

where D = m a x l f ( z ) l  = f ( 3 / 8 )  a ) = 1.372.  (2 .9 )  

I 

I .  
i 

I . .  
i 

I 

The most g e n e r a l  mod i f i ca t ion  of ( 2 . 1 )  which m a i n t a i n s  t h e  

f o u r t h  o r d e r  s p a t i a l  accuracy and still  l e a v e s  t h e  a l g o r i t h m  w i t h  

a compact 5x5 g r i d . s u p p o r t  (j.2, k.2) is: 
e 

+ L ( A t / A ~ ) l l ~ 6 ~ ( 1 - ~ 6 ~ - ~ 6  6 6 )G n 6 y 16 y x 16 x 64 y x j , k  ’ 

( 2 . 1 0 )  

The  a m p l i f i c a t i o n  m a t r i x  again has  t h e  form 
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The s t a b i l i t y  r equ i r emen t  becomes 

For  o p t i m a l  s t a b i l i t y  it is r e q u i r e d  that  i n  c o n t r a d i s t i n c t i o n  t o  

( 2 . 8 1 ,  p ( A x )  6 1/D and p ( A  1 C 1/D. We a s k  whether  under  t h e s e  

c o n s t r a i n t s  t h e r e  indeed  e x i s t s  a t r i p l e t  ( y , ~ , u )  such  t h a t  

i n e q u a l i t y  (2.11) is s t i l l  v a l i d  V 1a1,1@1 1. I t  can be shown 

t h a t  i f  any  member of t h e  t r i p l e t  ( y , ~ , v )  v a n i s h e s  one cannot 

g e t  t h e  s t i p u l a t e d  o p t i m a l  s t a b i l i t y ,  (1.4). We found no a n a l y t i -  

cal  way t o  determine  a s t a b i l i z i n g  t r i p l e t .  However, w e  v e r i f i e d  

n u m e r i c a l i y  t h a t  t h e  conven ien t  tripler 

Y 

y = 8, E = 8/3, v = 3 2 / 3 ,  

i s  a p p r o p r i a t e  i n  t h a t  it l e a v e s  t h e  i n e q u a l i t y  ( 2 , l l ) ‘ v a l i d  under  

t h e  s t i p u l a t e d  o p t i m a l  s t a b i l i t y  c o n d i t i o n s ,  eq. (1.4). 

Thus, t h e  modi f ied  Kre i s s -Ol ige r  2-4 l e a p - f r o g  scheme t a k e s  

t h e  form 

(2.12) 

P 
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W r i t i n g  o u t  e x p l i c i t l y  the  e f f e c t  of t h e  d i f f e r e n c i n g  and averag-  

i n g  o p e r a t o r s  6x 6 ,P ,U equa t ion  (2.12) becomes: Y x Y Y  

n -Fn +F" c. n + l  = u  n-1 + l/at\T-,n n 
3 9k j ,k qAx/L j+2,k+2+Fj+2,k+l ~ + 2 , k  j+2,k-lmFj+2,k-2 

1 -F" +F" n 
+ Fj-2 ,k+2- j-2 ,k+l+Fj-2 ,k j-2 ,k-1 j-2 ,k-2 F" n 

+ '1 ~~)[-G;+2yk+2+Gj+~,k+2-Gj At n n ,k+2+Gj-l,k+2-Gj-2,k+2 n n 

+GI" n n n n 
Gj+2,k+lt2Gj+l,k+l+2Gj ,k+l+2Gj-l,k+l j-2,k+l 

-G" n - 2 G n  n n - Gj+2,k-l '2Gj+l,k-l J ,k-l-2G=j-l>k-l 1-2,k-1 

If w e  want t o  emphasize t h e  "modifying" terms which were added t o  

The r e g u l a r  2-4 scheme w e  may rewrite (2.13) as follows: 
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n n n 
+ k[-Fn 61 j+Z,k+2 +Fj +I ,k+2-Fj -1, k+2 t F j  -2 ,k+2 

I :  +F" n n n - 
Fj + 2 ,k-2+Fj +1, k-2'Fj -1 , k- 2 j - 2 ,k-2] I 

1 

n + 1 I - G "  t G n  
6L j+2,k+2fGj+l,k+2 j-l,k+2-GJ-2 ,k+2 
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Note thaT even though ( 2 . 1 3 )  and ( 2 . 1 4 )  l ock  much more com- 

p l e x  t h a n  (1.2) one s t i l l  rea l izes  The b e n e f i t  o f  t h e  i n c r e a s e d  

s t a b l e  t i m e  s t e p .  T h i s  1s t r u e  when t h e  f l u x  v e c t o r s  e v a l u a t i o n  is 

c o s t l y  i n  terms of machine t ime ,  because  a l l  t h e  a d d i t i o n a l  f l u x e s  

have a l r e a d y  been computed a t  t h e  ne ighbor ing  p o i n r s -  Th i s  can  be 

b e s t  s e e n  by d e f i n i n g  t h e  fo l lowing  v e c t o r s  

$< n 3 2 2 1 4 1 2 4  n = (1-4 6 -4 -4 6 ) u  j & 8 x y 8 y 8 x y  j , k  
U 

(2.15) 
3 2 2 1 4 1 2 4  n 

U = ( 1 - 4  6 -4 -4 6 > u .  
**n 
j ,k 8 y x 8 x 8 y x  j,k 

* * c  
In  terms of u and u w e  can  c o n s t r u c t  a d i f f e r e n t  v e r s i o n  of t h e  

mod i f i ed  2-4 scheme so  t h a t  it takes t h e  same form as t h e  s t a n d a r d  

one (132), namely 

( 2 . 1 6 )  

**” - h *n - G ( u ~ , ~ ) .  From (2,151 one can  show t h a t  ( 2 . 1 6 )  i s  e q u i v a l -  
G j  ,k 
e n t  t o  ( 2 . 1 3 )  ( o r  ( 2 . 1 4 ) )  t o  f o u r t h  o r d e r  i n  s p a c e  i n  t h e  n o n l i n e a r  

case. The s t a b i l i t y  of (2 .16 )  is t h e  same as t h a t  of (2.14) s i n c e  

f o r  l i n e a r  problems t h e y  a re  i d e n t i c a l . .  Notice t h a t  t h e  number of 

f l u x  e v a l u a t i o n  is  now t h e  same for t h e  mod i f i ed  and t h e  s t a n d a r d  
*” **” are e v a l u a t e d  

j ,k 
and u j,k 

2-4 schemes. The dependent v e c t o r s  u 

i n  terms of t h e  ne ighbor ing  p o i n t s  u s i n g  o n l y  a d d i t i o n s  of 

p a r t i c u l a r :  

un.  I n  
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and 

U z -u I n  n n 
... n 
j ,k 4 j ,k , k + 2 - u j - l , k + 2  

n 
+ U" j + l , k + l  + 2 u n  j , k + l + " j - l , k + l  

n n t u n  j + l  , k - l t 2 u j  , k - l + u j - l  ,k-1 

n +U" n 1 
j+l . ,k-2 j ,k-2-uj j - lyk-2J -U 

n n n *3:n + '[-." 
U = *un j ,k J ,k 8 j - 2  ,k+l+'j+l,k+l+uj-l,k+l~uj-2 , k + l  

+U" 
n n n 

+ u j  t 2  , k + 2 u j + l , k + 2 u j - l , k  j - 2  ,k 

(2.17) 

n n n n (2.18) -U j + 2  , k - l t u j + l , k - l + u j - l  ,k - l -u j -2  , k - l J  

Nosice t h a t  from a computa t iona l  p o i n t  of  view,  ( 2 . 1 7 )  and ( 2 . 1 8 )  

can  be  c a r r i e d  o u t  by o b s e r v i n g  t h a t  c e r t a i n  n e i g h b o r i n g  p o i n r s  

keep a p p e a r i n g  t o g e r h e r  and t h e r e f o r e  can  be lumped t o g e t h e r  t o  

r educe  t he  number of a d d i t i o n s  hence  making f o r  a more e f f i c i e n t  

p r o g r a m i n g .  
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